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Abstract
In this workwe present a semi-classical approach to solve the inverse spectrumproblem for one-
dimensional wave equations for a specific class of potentials that admits quasi-stationary states.We
showhow inversemethods for potential wells and potential barriers can be generalized to reconstruct
significant parts for the combined potentials. For the reconstruction one assumes the knowledge of
the complex valued spectrum and uses the exponential smallness of its imaginary part. Analytic
spectra are studied and a recent application of themethod in the literature for gravitational wave
physics is discussed. Themethod allows for a simple reconstruction of quasi-stationary state potentials
from a given spectrum. Thus itmight be interesting for different branches of physics and related fields.
1. Introduction
The inverse spectrumproblem for one-dimensional wave equations with a potential termhas a long history and
has led to different approaches for solving it, see [1] for an outstanding and classical introduction. In this work
we are interested in reconstructing a potential of the kind shown infigure 1. It should be characterized by a
potential well with oneminimumnext to a potential barrier with only onemaximum. The presentedmethod is
based on the generalization of semi-classicalmethods for pure potential wells and potential barriers that use the
‘inversion’ of the Bohr–Sommerfeld rule andGamow formula, respectively [1–4].We showhow the individual
methods can be generalized to our class of potentials and under what conditions a unique reconstruction is
possible.
The purpose of this work is to present a self-contained description of an inversemethod, first developed for
the study of ultra compact stars in general relativity [5]. Such exotic compact objects have recently drawn a lot of
attention in thefield, since they could potentiallymimic black holes and show quantumgravitational effects on
the horizon scale. For a current review of the fieldwe refer to [6]. However, themethod is rather general and also
applicable in otherfields, thuswewant to present and demonstrate it to a broader audience here. After reviewing
the necessary ingredients, we apply themethod for the first time to analytic functions that serve as candidates for
quasi-stationary state spectra and discuss the potentials one can reconstruct from it.
This paper is organized as follows.Wewill review the classical Bohr–Sommerfeld rule and its generalization
to quasi-stationary states in section 2. The subsequent section 3 presents the relevant results for the inverse
problemof potential wells and potential barriers, as well as our generalization to quasi-stationary sates. Analytic
results of themethod for different spectra are derived and discussed in section 4. Therewe also summarize the
recent application of themethod in the theoretical study of gravitational waves fromultra compact objects [5].
We discuss ourfindings in section 5. The conclusions are presented in section 6. Throughout the paperwe
set m2 1 = = .
2. Bohr–Sommerfeld rules
Before solving the inverse problem, let us recall the ‘direct’ problem first. By this wemean to obtain the spectrum
En for a given potentialV(x) that appears in the one-dimensional wave equation
OPEN ACCESS
RECEIVED
16November 2017
REVISED
23 January 2018
ACCEPTED FOR PUBLICATION
13 February 2018
PUBLISHED
21 February 2018
Original content from this
workmay be used under
the terms of the Creative
CommonsAttribution 3.0
licence.
Any further distribution of
this workmustmaintain
attribution to the
author(s) and the title of
thework, journal citation
andDOI.
© 2018TheAuthor(s). Published by IOPPublishing Ltd
x
x E V x x
d
d
0. 1n
2
2
Y + - Y =( ) ( ( )) ( ) ( )
A simplemethod to get an approximative solution for the spectrum En, ifV(x) is a potential well, is the Bohr–
Sommerfeld rule shown in equation (2). It can be derivedwith theWentzel-Kramers-Brillouin (WKB)method
[7] and yields an approximative solution following from the integral equation
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where (x0, x1) are the classical turning points, defined byV(xi)=En and n 0Î .
For the class of potentials wewant to study, it was shown that a generalization of the Bohr–Sommerfeld rule
to so-called quasi-stationary states is possible [8]. It takes the following form
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The additional term aj ( ) involves a combination ofGamma functions
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An expansion for large a, which corresponds to large potential barriers, shows that equation (3) can bewritten in
amuch simpler form [7, 8]
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Large values of a imply that the contribution of the new term in equation (6) only yields an exponentially small
imaginary part. This can be used for a further expansion in equation (6) in terms of E E Ein n n0 1º + , with
E En n1 0 . From this one recovers the classical Bohr–Sommerfeld rule
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togetherwith thewell knownGamow formula
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Note that this result is with respect to the real part E0n. In the following sections wewill useE to describe the
continuous1 real part of the energy. The two equations (7) and (8) have been expected and theywill provide us
Figure 1. Shown is a typical potentialV(x) of the type studied in this work that admits quasi-stationary states. The three classical
turning points (x0(E), x1(E), x2(E)) are indicated together with thewidths E1 ( ) and E2 ( ).
1
Continuouswith respect ton, defined from the classical Bohr–Sommerfeld rule equation (7).
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with key relations to solve the inverse problem in the next step. This techniquewas tested successfully in [9] for
the study of oscillation spectra of ultra compact constant density stars and gravastars, demonstrating that it is an
easy and reliable way to study the spectra of horizonless objects in general relativity.
3. Inverse problem
In order to solve the inverse problem for quasi-stationary states, wewill review twomethods for potential wells
and barriers. Afterwardswe summarize our results for the generalized problem that have first been reported
in [5].
3.1. Potential well and barrier
To reconstruct a single potential well from the knowledge of its spectrum, one can ‘invert’ the classical Bohr–
Sommerfeld equation (2), but this does not yield a unique solution. Instead onefinds thewidth E1 ( ) of the
potential well as a continuous function ofE [1, 3]
E x E x E
E
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where I(E) is the so-called inclusion
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Emin is theminimumof the potential and in general not the lowest state of the spectrum. It has to be provided as
additional information or approximated from the spectrum, following from n(Emin)+1/2=0 [1, 3].
Applications of themethod can be found in [10–12].
A similar relation can be found for thewidth E2 ( ) of the potential barrier. It follows from ‘inverting’ the
Gamow formula equation (8) as shown in [2, 4]
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HereEmax is themaximumof the potential barrier and can be obtained fromT(Emax)=1, whereT(E) is the so-
called transmission that in the semi-classical approximation is given by
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Note that the transmissionT(E) is in general not in a straightforwardmanner related to the spectrum En. In
order to solve the inverse problem for quasi-stationary states only from the knowledge of the spectrumEn, one
has to connect it somehowwith the transmissionT(E). This will be done in the next step.
3.2. Inverse problem for quasi-stationary states
With the results that have been presented in the previous sections, we can now generalize the inverse problem to
potentials admitting quasi-stationary states.
From the expanded formof the generalized Bohr–Sommerfeld rule equation (6) it is known that the real part
E0n is approximatively given by the classical Bohr–Sommerfeld rule equation (7), while its imaginary part E1n
follows from theGamow formula equation (8). The calculation ofE0n is independent ofE1n, but not the other
way round. To obtainE1n one has to knowE0nfirst.
The reconstruction of the potential well width E1 ( ) from the knowledge ofE0n is straightforward by
applying equation (9) for the real part ofEn.
A closer look to equations (8) and (12) reveals that the transmissionT(E) can be expressed in terms of the
imaginary part of the spectrumE1n and an integral. The integral containsE0n and the knowledge of the potential
V(x) between (x0, x1). From the reconstructed width E1 ( ) one can notfind a unique solution for the potential
without providing one of the two turning point functions. Fortunately, it can be shown that within the Bohr–
Sommerfeld rule, the result of the integral is the same for all potentials that can be constructed from E1 ( ), as
shown in the appendix in [5]. This important result is necessary to actually relate the spectrumEnwith the
transmissionT(E) and allows now to calculate E2 ( ) from equation (11)
T E E
E V x
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d . 13n
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With the knowledge of E x E x E1 1 0 = -( ) ( ) ( ) and E x E x E2 2 1 = -( ) ( ) ( ) there are two equations for
three turning point functions. The situation is similar to the case of potential wells and barriers, which have two
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turning points but only one equation to determine them. In our case, one of the three functions for the turning
points has to be provided in order tofind a unique solution for the potential. The potential follows from
inverting the turning point functions forE. Amore comprehensive discussion of how this problem can be
addressed, by assuming that additional information about the spectrum is known, can be found in [1, 3]. An
explicit example where the knowledge of the third turning point is already known from the type of problem is
discussed in the subsequent section 4.
4. Applications
In this sectionwe present analytic examples for the reconstruction of potentials by starting from a given function
for the spectrum and analyze whether it leads to valid solutions for the potential or not. Thefirst example is
discussed in detail to demonstrate each step of themethod. The subsequent examples follow the same
procedure, thus only the results are summarized and discussed. The application of themethod in the context of
gravitational wave physics is presented in the end of this section.
4.1. Spectrum I
Todemonstrate themethodwewill start from a simple analytic function for the spectrum given by
E a n b
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where (a, b, c) are three parameters that will be discussed later.Wewill assume that equation (14)describes a
possible spectrum for quasi-stationary states, at least for E E E,n0 min maxÎ [ ]. It is not known to us as an exact
solution for the spectrumof any potential. The inversemethod allows now tofind approximatively the
corresponding potential. The real part of equation (14) is described by thewell known harmonic oscillator
spectrum,while the imaginary part is exponentially small. Such a behavior can be expected for quasi-stationary
states with E E E,n0 min maxÎ [ ]. Nowwewant to construct thewidths E1 ( ) and E2 ( ). Afterwardswe discuss
the possible potentials that can be found from them.
First we calculate E1 ( ). For this one needs to invert the real part of the spectrum
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Theminimumof the potential is extrapolated from n E 1 2 0min + =( ) to beEmin=0. From this we can
compute E1 ( ) by using equations (9) and (10)
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Todo the calculations for 2 in the next step, one has to know the potential between (x0, x1). As it is shown in the
appendix of [5], we can use any of the valid potentials constructed by 1 without loss of generality. Let us take the
symmetric potentialVs(x)with xmin=0 by inverting the left and right symmetric turning points
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This recovers, asmight be expected from the formof the spectrum, the harmonic oscillator potential.
Nevertheless, it is worth tomention that this is only one specific solution for the potential well region. There are
infinitelymany other shifted or tilted potentials sharing the same E1 ( ) and therefore the same spectrum, see
[10–12] for a discussion of so-calledWKB equivalent potentials.
In the next stepwe calculate E2 ( ). For this, the following integral is needed
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Nowwe can relate the transmissionT(E)with the imaginary partE1n of the spectrumby using equations (13),
(15) and (19)
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Using this result for the transmission in equation (11)we can finally calculate E2 ( )
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The only unknown left isEmax. It follows fromT(Emax)=1 and takes the simple form
E
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wherewe have used equation (20). The parameters are not independent from each other, if they describe a
spectrum related to our type of potentials. A necessary condition for them to be a valid solution is thatEmax has
to be larger thanEmin. From this onefinds (for positive c)
a b4 . 23p< ( )
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We show 2 for different parameters infigure 2. It is interesting to see that different values of bhave only little
impact on 2 for small values ofE, but become important when E approaches Emax. Changing the parameter c
strongly influences 2 for all values ofE. Theway howEmax depends on (a, b, c) can be seen directly from
equation (22) and defines the intersection of 02 = with the E-axis.
After reconstructing 1 and 2 we are left with choosing one of the three turning points in order to have a
unique potential. To avoid any ‘overhanging cliffs’ in the potential, 1 and 2 , as well as the turning points
(x0(E), x1(E), x2(E)), have to be strictlymonotonically increasing/decreasing functions of E. This has to be taken
into account when choosing one of the three turning points to obtain a specific potential.
To study awide, but not complete, range of potentialsV xc ( ), we can parameterize the relation between
(x0(E), x1(E)) and 1 in the followingway
x E E x E E, 1 , 250 1 1 1 c c= - = -( ) ( ) ( ) ( ) ( ) ( )
with 0, 1c Î [ ]describing in a simple way howmuch the potential well is ‘tilted’. The symmetric potential is
recovered for 0.5c = . For all values ofχ it describes a piecewise potentialmade of two in general different
parabolas. Other parameterizations that result inmore complicated shapes of the potential, e.g. around the
potential barrier orχ=χ(E), are possible. The turning point x2(E) is given by
x E E E1 , 262 2 1 c= + -( ) ( ) ( ) ( ) ( )
wherewe have used E x E x E2 2 1 = -( ) ( ) ( ) and equation (25).
From the knowledge of the turning points we can now constructVχ(x) by solving them for E.We show the
reconstructed potential for different values ofχ infigure 3 and afixed choice of the parameters (a, b, c).
With our choice for the parameterization, the turning points (x0(E), x1(E)) are by construction strictly
monotonically decreasing and increasing functions ofE, respectively.We can nowdeterminewhat choices ofχ
Figure 2.Thewidth of the potential barrier E2 ( ) for spectrum I shown in equation (14) for different values of (b, c) and a=1.
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are valid to guarantee that x2(E) is strictlymonotonically decreasing by demanding
E
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d
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This algebraic relation is too involved to be solved easily as a general function of (χ, a, b, c), but can be checked
numerically for a given choice of the parameters.
4.2. Spectrum II
In this example we keep the same real part as in the first case but change the imaginary part
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Since the real part is the same, E1 ( ) is given by equation (16), but E2 ( )will be different because the
transmissionT(E) takes another form
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The integration of equation (11) to obtain E2 ( ) is straightforward and leads to
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where Emax is determined byT(Emax)=1 and given by
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We show E2 ( ) for different parameters infigure 4.One can check that E2 ( ) describes a valid potential barrier
by looking at the condition
E
E
c a E E
E E E E
E E E
d
d 2
2
1
0, , . 322 max
2
max max
min max

p=
-
- < " Î
( ) ( ) ( )
This condition is always fulfilled (assuming a 0> ), therefore E2 ( ) is a valid solution to describe thewidth of
the potential barrier. Using the same parameterization as for the first spectrum,we show the reconstructed
potentialVχ(x) for a given choice of (a, b, c) infigure 5.
4.3. Spectrum III
The third example shall be given by
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Figure 3.Reconstructed potentialVχ(x) for spectrum I shown in equation (14) for different values ofχ; the other parameters are set to
a=b=c=1.
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using the parameters (a, b,N). Following the same procedure as in the previous examples one finds
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The special case of a symmetric potential barrier reveals that it is described by an inverted parabola with the
maximumatEmax.We show E2 ( ) infigure 6 for a=1 and different values of (b,N).
Both functions, E1 ( ) and E2 ( ), are strictlymonotonically increasing and decreasing functions ofE for
E E E,min maxÎ ( ), respectively. Nevertheless, if we choose to parameterize a subclass of the possible solutions for
the potentials as done in thefirst example, something interesting happens. Because overhanging cliffs in the
potential are not allowed, a quick analysis shows that onlyχ=1 gives a valid solution. For all other values ofχ
onefinds overhanging cliffs for E Emin . This can be seen by using equation (26) to define x2(E), which has to
be a strictlymonotonically decreasing function ofE, and checkwhether dx2(E)/dE changes sign.One finds that
this is the case at a given value Ec, which is given by
E
E
b1 2 1
. 35c
max
2p c= + -[ ( ( ))] ( )
The parameterχ is defined in the interval 0, 1[ ]. For 1c ¹ we therefore always find a value ofEc in the range
E E,min max( ). This excludes all potentials described by 1c ¹ frombeing valid solutions. The special case of
1c = is shown infigure 7.
Figure 4.Thewidth of the potential barrier E2 ( ) for spectrum II shown in equation (28) for different values of (b, c) and a=1.
Figure 5.Reconstructed potentialVχ(x) for spectrum II shown in equation (28) for different values ofχ; the other parameters are set
to a=b=c=1.
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4.4. Spectrum IV
In this last example we show that not every function for the spectrum leads to a valid solution for the potential.
This is the case for the following spectrum
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wherewe keep the same real part as in the previous examples butmodified the imaginary part. The calculations
are again straightforward and the important relations are found to be
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Aquick look at E2 ( ) shows that its derivative with respect toE is positive for E E E E, 2min maxÎ ( ), which
would cause overhanging cliffs for the potential barrier and is therefore clearly no valid solution for a potential.
In this case we conclude that there exists no valid potential in our class of potentials that are described by the
inversemethod, which can have the given spectrum equation (36). Nevertheless, we show the corresponding
E2 ( ) for a=1 and different values of (b,N) infigure 8.
Figure 6.Thewidth of the potential barrier E2 ( ) for spectrum III shown in equation (33) for different values of (b,N) and a=1.
Figure 7.Reconstructed potentialVχ(x) for spectrum III shown in equation (33) for the only valid value ofχ=1; the other
parameters are a=1, b=N=3.
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4.5. Gravitational waves
The ground-breakingmeasurements of gravitational waves emitted from themerger of two black holes and
more recently from themerger of two neutron stars, by the gravitational wave detectors advanced LIGOand
Virgo [13–17], open new possibilities to study compact relativistic objects. Like in the spectroscopy of atoms, a
rich zoo of various kind ofmodes and perturbations appears that can potentially bemeasured and used to study
the equation of state ofmatter at extreme densities or to test the general theory of relativity in the so-called
strong-field regime. For a broad class of hypothetical ultra compact objects, the relevant problem can in some
cases be simplified to the study of an one-dimensional wave equationwith potentials of the type discussed in this
work. For such objects it was shown that the expected gravitational wave signal could actuallymimic black holes
at early times of a signal, but features a series of so-called ‘echoes’ as distinct feature [18, 19]. The interest in so-
called exotic compact objects increased tremendously after tentative evidence in the binary black holemerger
detections has been found [20] and recently potentially confirmed [21]. However, due to theweak signal,
technical difficulties concerning the involved data analysis and physicalmodels being used, the correct
interpretation of the signal and validity of the physicalmodels under consideration are highly debated in the
literature [22–24].
The inversemethod presented here has recently been applied in the study of gravitational perturbations of
ultra compact objects within general relativity [5]. The function for the third turning point can naturally be
provided by Birkhoff’s theorem,which states that the space-time outside spherically symmetric and non-
rotatingmatter configurations has to be the Schwarzschild space-time. Using this additional information it is
possible to obtain a unique, but approximate reconstruction of the so-called perturbation potential of the axial
modes that characterize the object.
In this work, the spectrumwas assumed to be known as afinite and discrete set of complex numbers. It was
provided by a numerical code presented in [25], which solves the direct problem for different objects. The lack of
the analytic formof the spectrummade it necessary to use inter-/extrapolation techniques to have continuous
functions of the spectrum and the transmission for the integration procedure. It was found that the agreement of
the true potential with the reconstructed one improves significantly for cases where the number of states within
the potential well is large. This is because the underlying semi-classicalmethods can be expected toworkmore
precisely for large values of n and the inter-/extrapolation to approximate (Emin, Emax) becomemore precise
then aswell. The application of themethod to observed gravitational wave data ismore involved and requires
additional knowledge for the interpretation and analysis of such signals, as well as events with a higher signal to
noise ratio. First steps in this direction have already been undertaken in [26–29].
5.Discussion
Wehave applied the inversemethod to four different analytic functions that were assumed to be valid spectra for
quasi-stationary states in a potential of the type that is studied. For the part of the spectrumbeing associatedwith
a potential region between Emin andEmax, the spectrum should have amuch larger real than imaginary part.
Both, the real and imaginary part, have to growwith increasing n.We have taken this into account by choosing
functionswith exponentially small imaginary part, which is expected from theGamow formula. Even if this
Figure 8.The reconstructedwidth of the potential barrier E2 ( ) for spectrum IV shown in equation (36) for different values of (b,N)
and a=1. Such awidth can not be fulfilled by any potential.
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qualitative criterion is fulfilled, we found that not all such functions lead to valid potentials, see spectrum4 in 4.4.
All of the studied spectra have three parameters that were not specified explicitly in the beginning. However, in
order to obtain consistent potentials, the parameters are in general not independent from each other and have to
fulfill certain conditions, e.g.Emax>Emin or E Ed d 02 <( ) .
Other interesting considerations arise if the inversemethod is applied to an observed spectrum,which is
known as discrete set of complex numbers that also includes errors. Unfortunately a straightforward error
calculation is not possible, due to the intrinsically approximate character of the underlyingWKBmethod and
the complicated dependency of the spectrum in the integral equations that have to be solved. Nevertheless, we
had a look at this issue andwant tomake some qualitative comments that can be valuable if themethod is applied
to such cases. The key observation is that the errors in the reconstructedwidths can strongly depend on theway
how the continuous spectrum is inter-/extrapolated from the discrete spectrum andwhat type of errors are
assumed. For example, adding alternating errors to the spectrumwould cause larger errors if one uses higher
order splines in the inter-/extrapolation, while the results aremuchmore stable if the spline order is low and the
errors are randomor smoothed. Another important consideration is that the functions being constructed in this
way for the spectrum n(E) and the transmissionT(E) can not be arbitrary. Theymust fulfill a few conditions to
bear a consistentmeaning in the semi-classical description. These conditions have to be considered to verify that
the inter-/extrapolation yields physical results, e.g. both functionsmust be strictlymonotonically increasing
functions ofE. Also the reconstructedwidths E1 ( ) and E2 ( )must be strictlymonotonically increasing and
decreasing functions ofE, respectively.
As a last remark, wewant tomention that even if the reconstructed potential has a consistent shape, one
should in principle also checkwhether there is a reasonable number of quasi-stationary states for the actual
choice of parameters. The number of states can be approximated from n Emax( ). In the provided figures wewant
to show the qualitative properties of E2 ( ) in a clearly arrangedway. Thereforewe have decided to use a simple
sample of numerical values for the parameters. This choice does not necessarily correspond tomany states in the
potential, but its qualitative shape is not affected by this. A set of parameters giving a large number of states can in
general be found by demanding large n(Emax) and using the provided necessary conditions.
6. Conclusions
In this workwe have presented a simplemethod to solve the inverse spectrumproblem for a specific class of
potentials that admit quasi-stationary states. Themethod is based on a generalization of semi-classicalmethods
for the inverse problemof potential wells and potential barriers [1–4]. It was shown how the knowledge of the
complex spectrum En can be used inmultiple steps to reconstruct thewidths of the potential well
E x E x E1 1 0 = -( ) ( ) ( ) and the potential barrier E x E x E2 2 1 = -( ) ( ) ( ), where (x0, x1, x2) are the turning
points. As already known from similar problems, it turns out that the reconstruction is not unique, unless a
function for one of the three classical turning points is known. In practice thismight naturally be provided by
additional available information.We discuss such a case in the recent application of the presentedmethod in
gravitational wave physics [5]. To demonstrate themethod, we have solved the inverse problem for four analytic
spectra and investigated the properties of the solutions, as well as the parameter space.
Since themethod allows for a simple reconstruction of quasi-stationary state potentials from a given
spectrum in the one-dimensional wave equation, itmight be interesting for different branches of physics and
beyond.
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